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Abstract. The motion of a particle on the conical surface interacting with a scalar and a vector potential
is studied in the path integral framework following the technique of constraints. The propagators are
evaluated taking into account the problem of the angle periodicity. The result is given in a compact form.

1 Introduction

The path integral technique remains, without doubt, the
most efficacious tool used in treating quantum problems.
The virtue of this method lies in the fact that it can el-
egantly fit all situations and can be handled with ease in
the case of approximations. In order to do this, the evo-
lution problems of Schrödinger type have been converted
to expressions in terms of a path integral. The same task
has been extended to the case of Klein–Gordon type by
using the Schwinger proper time and to field theory by
introducing the Lagrangian density of the field. Unfortu-
nately, in these cases some difficulties subsist because of
parametrization and gauge invariance. As is well known,
these difficulties occur in the context of quantization with
constraints and for these physical systems the evolution
equation is not sufficient for a complete description. In
general, we have to supply it with some constraints on
the state space to ensure the good interpretability of the
theory. This manner of quantization is tantamount to say-
ing that the effective dynamics of the system happens in
the subspace of the phase space defined by the constraint
equations. In consequence, the phase space is reduced and
this reduction is reflected in the formalism by the redefini-
tion of some new brackets of evolution named Dirac brack-
ets [1]. In the path integral framework, all this change is
introduced by means of a delta functional which allows us
to project the dynamics on the reduced phase space. This
technique is known as the Faddeev–Senjanovic formula-
tion [2].

The aim of this paper is to study, via the path inte-
gral approach, the dynamics of a non-relativistic charged
particle without spin and constrained to move on a cone
surface [3] and moreover subject to some simple interac-
tions like
(1) the magnetic field,
(2) the harmonic oscillator, and
(3) the Coulomb potential.

In fact, the study of this physical problem turns out to
be very interesting because it sets up a link between the

non-local effects of quantum mechanics and the geometric
singularity [4]. For example, in our case the singularity
of the cone at the origin is reflected on the dynamics of
the particle by modifying its angular momentum. This is
equivalent to the non-local physical effect of Aharanov–
Bohm.

In Sect. 2, we expose the general feature of the path
integral on the cone surface by considering the case of an
unspecified variety [5,6]. In order to do that, we make use
of the technique of the constraints worked out by Faddeev–
Senjanovic. This consists principally of introducing these
constraints by means of a Dirac functional calculus which
amounts to a projection of the dynamics of the system
on the reduced phase space [1]. Then we integrate over
the momentum variables by means of the delta functional,
which allows the propagator to be expressed in the con-
figuration space. In the case of the cone the constraint of
the surface is eliminated by resorting to polar coordinates
which play the role of intrinsic coordinates. We present
some applications of this technique related to the elemen-
tary physical cases in which the propagator is expressed
in the covering space. The final result of the propagator
or the Green’s function depends on the arbitrary phase.
Section 3 is devoted to concluding remarks.

2 General formalism

Let us consider a charged particle subject to the action of
scalar and vectorial potentials and moving on the surface
of a cone. The Hamiltonian governing the dynamics of this
physical system is written

HT =
π2

2m
− λf(x) + vpλ + V (x), (1)

where π = (p − eA(x)) and x,p and A are vectors of
dimension D. λ is the Lagrange multiplier.

At this stage, let us apply the Dirac procedure. Thus,
the involved constraints are

φ1 = pλ = 0, (2)
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φ2(x) = f(x) � 0, (3)

φ3(p,x) = {φ2,HT } =
1
m
πµ∂

µf(x) � 0, (4)

φ4(p,x, λ)

= {φ3,HT } =
1
m2πµπν∂

µ∂νf(x) +
λ

m
∂νf(x)∂νf(x)

+
e

m2π
ν∂µf(x)Fµν(x) − 1

m
∂νf(x)∂νV (x), (5)

where Fµν(x) = ∂µAν(x) − ∂νAµ(x).
The determinant of

{
φa, φb

}
does not vanish and this

consequently indicates that the type of constraints is of
the second class. According to the technique of Faddeev–
Senjanovic, the propagator related to the problem is writ-
ten

K(f, i;T ) =
∫ N∏

j=1

dxj

N+1∏

j=1

dpj

(2π)(D−1) dλjdpλj

× δ (pλj) δ (f(xj)) δ
(
φ3(pj ,xj)

)

×
N+1∏

j=1

δ(φ4
(
pj ,xj , λj

)√
det {φa, φb}

× exp
[
i
(
pj∆xj + pλj∆λj − εHT

)]
, (6)

where the constraints φ3 and φ4 are evaluated at the mid-
point with x = (x (tj) + x(tj+1))/2 [7]. This choice proves
to be, for the moment, necessary since it is not yet clear
how to handle the unspecified point in the case of the
constraints. The integration on the λj and pλj variables
is immediate and the infinite constants which result from
it are absorbed in a redefinition of the measure. Conse-
quently, the result is reduced to

K(f, i;T ) =
∫ N∏

j=1

dxj

N+1∏

j=1

dpj

(2π)(D−1)

× δ (f(xj)) δ
(
φ3(pj ,xj)

) ∣∣{φ2(xj), φ3(pj ,xj)
}∣∣

×
N+1∏

j=1

exp
[
i
(

pj∆xj − ε
π2

2m
− εV (xj)

)]
, (7)

where

φ3(pj ,xj) =
1
m

(
pµj − eAµ(xj)

)
∂µf(xj), (8)

and {
φ2(xj), φ3(pj ,xj)

}
= ∂µf(xj)∂µf(xj). (9)

To be able to integrate over the variables let us introduce
the integral representation of the delta function:

δ(φ3(pj ,xj)) (10)

=
1
2π

∫
dχj exp

[
iχj

1
m

(pµj − eAµ(xj)) ∂µf(xj)
]

;

then making the change P = p − eA(xj), one obtains

K(f, i;T ) =
( m

2πiε

)(D−1)(N+1)/2

×
∫ N∏

j=1

dxj

N+1∏

j=1

δ (f(xj))
√
∂µf(xj)∂µf(xj) (11)

× exp
[
i
(m

2ε
∆xjΩ∆xj + e∆xjA(xj) − εV (xj)

)]
,

where Ω is a matrix defined by the following elements
Ωµν = δµν − ηµην , with η the vector

ηµ =
∂µf(x)
√(

∂f

∂x

)2
. (12)

We can conclude that all the corrections brought about
by the constraint are gathered in the (∂µf(xj)∂µf(xj))1/2

term.
For the case of the cone surface, the dimension of the

space is fixed to D = 3 and the function f(x), (x =
x, y, z), is given by

f(x) ≡ z −
√
α−2 − 1

√
x2 + y2 = 0, (13)

α being a parameter connected to the half aperture γ
of the cone by α = sin γ. The Poisson bracket {φ2(xj),
φ3(pj ,xj)} is then easily evaluated and the propagator is
written

K(f, i;T ) = lim
N−→∞

∫ N∏

j=1

dxj

N+1∏

j=1

δ (f(xj))
( mα

2πiε

)

×




1 +

(
α−2 − 1

) xjxj + yjyj√
x2

j + y2
j

√
x2

j + y2
j




 (14)

×
N+1∏

j=1

exp
[
i
(m

2ε
∆xjΩ∆xj + e∆xjA(xj) − εV (xj)

)]
,

where Ω takes the following form:

Ωµν =
















y2
j + α2x2

j

x2
j + y2

j

(
α2 − 1

)
xjyj

x2
j + y2

j

α
√

1 − α2xj√
x2

j + y2
j(

α2 − 1
)
xjyj

x2
j + y2

j

x2
j + α2y2

j

x2
j + y2

j

α
√

1 − α2yj√
x2

j + y2
j

α
√

1 − α2xj√
x2

j + y2
j

α
√

1 − α2yj√
x2

j + y2
j

1 − α2
















.

(15)
In the following we are concerned with the computations
of the expression (14) in the particular cases cited above.
To illustrate this quantization method, let us first present
the explicit calculations relative to the case of a free par-
ticle (A(x) = 0, V (x) = 0).

The Lagrangian of this system is then written as

L =
m

2
.
x

2 +λ(z −
√
α−2 − 1

√
x2 + y2), (16)

where λ is the Lagrange multiplier which imposes the par-
ticle to be on the cone surface.
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The equations (2)–(5) now take the following simplified
forms:

φ1j =
∂L
∂

.

λ
= v = pλj = 0, (17)

φ2j = zj −
√
α−2 − 1

√
x2

j + y2
j � 0, (18)

φ3j = {φ2j ,HT }

=
1
m



pzj −
√
α−2 − 1
√
x2

j + y2
j

(
xjpxj + yjpyj

)


 � 0, (19)

φ4j = {φ3j ,HT } (20)

=
α−2λ

m
− 1
m2

√
α−2 − 1

√(
x2

j + y2
j

)3
(
y2

jpxj
2 + x2

jpyj
2) � 0.

Substituting these constraints in the propagator (7), we
get the result

K(f, i;T ) = lim
N−→∞

∫ N∏

j=1

dxj

N+1∏

j=1

dpj

(2π)2

× δ
(
zj −

√
α−2 − 1

√
x2

j + y2
j

)

×




1 +

(
α−2 − 1

)
(xjxj + yjyj)√

x2
j + y2

j

√
x2

j + y2
j






× δ



pzj −
√
α−2 − 1

(
xjpxj + yjpyj

)

√
xj

2 + yj
2





×
N+1∏

j=1

exp

{

i

[

pj∆xj − εp2
j

2m

]}

. (21)

Following step by step the previous presentation, we will
obtain the following result:

K(f, i;T ) =
∫ N∏

j=1

dxj

N+1∏

j=1

( mα
2πiε

)

× δ(zj −
√
α−2 − 1

√
x2

j + y2
j )

×




1 +

(
α−2 − 1

)
(xjxj + yjyj)√

x2
j + y2

j

√
x2

j + yj
2






×
N+1∏

j=1

exp






im
2ε




∆x2

j +∆y2
j +∆z2

j

− α2




√
α−2 − 1

xj∆xj + yj∆yj√
xj

2 + y2
j

−∆zj





2








 . (22)

Now, it is suitable to introduce the polar coordinates (r, θ)
which are in fact the intrinsic coordinates of the cone sur-
face. Furthermore, this change allows us to integrate along

the z paths and at the same time decouples the variables
x and y. In effect, putting x = r cos θ and y = r sin θ, the
measure becomes dxdy = rdrdθ and the determinant of
the constraints gives

1 +
(
α−2 − 1

) xjxj + yjyj√
x2

j + y2
j

√
xj

2 + y2
j

� α−2
[
1 − 1 − α2

8
∆θ2j

]
. (23)

Let us symmetrize the measure and then develop it to-
gether with the infinitesimal action to the order ε in the
vicinity of the mid-point:

N∏

j=1

rj =
1√
rirf

N+1∏

j=1

√
rjrj−1

� 1√
rirf

N+1∏

j=1

rj

(

1 − ∆r2j

8rj2

)

, (24)

and

exp
{

−i
[
m

8ε

(
∆r2j∆θ

2
j +

1
3
rj

2∆θ4j

)]}

� 1 − i
m

8ε

(
∆r2j∆θ

2
j +

1
3
rj

2∆θ4j

)
. (25)

By retaining only the terms contributing in the action and
by substituting the suitable equations in the expression of
the propagator (21) and using the property f(z)δ(z−a) =
f(a)δ(z−a), the propagator then takes the following form:

K(f, i;T ) (26)

=
1√
rirf

∫ N∏

j=1

drjdθjdzj

N+1∏

j=1

δ(zj −
√
α−2 − 1rj)

×
(
mrj

2πiεα

)
(1 + CT ) exp

{
i
m

2ε
(
α−2∆r2j + rj

2∆θ2j
)}
,

where CT represents the total correction resulting from to
the mid-point development of the measure, and from the
determinant constraints and the infinitesimal action. This
total correction is given as

(1 + CT ) =

(

1 − ∆r2j

8rj2

)(
1 − 1 − α2

8
∆θ2j

)

×
(

1 − i
m

8ε

(
∆r2j∆θ

2
j +

1
3
rj

2∆θ4j

))
(27)

= 1 − ∆r2j

8rj2 − 1 − α2

8
∆θ2j − i

m

8ε
∆r2j∆θ

2
j − i

m

24ε
rj

2∆θ4j ,

where only the terms contributing to order 1 in ε were
retained.

Consequently, according to the usual procedure, the
additional corrections are replaced by a purely quantum
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effective potential [8]. Carrying out the integration over
the variables z, we get the following result:

K(f, i;T ) =
1√
rfri

∫
rDrDθ (28)

× exp

[

i
∫ T

0
dt
(
m

2

(
α−2 .

r
2 +r2

.

θ
2)

+
α2

8mr2

)]

.

In order to absorb the parameter α appearing in the ki-
netic term, let us introduce the following changes [9]:

α−1r = ρ and αθ = ϕ, (29)

where 0 ≤ ϕ ≤ 2πα.
With these new variables, the relative propagator is

expressed in this case as

K(f, i;T ) =
1
α

1√
ρfρi

∫
ρDρDϕ

× exp

[

i
∫ T

0
dt
(
m

2

( .
ρ
2

+ρ2 .
ϕ

2)
+

1
8mρ2

)]

. (30)

Knowing that the angle is of 2πα period, it is suitable to
take this into consideration by using the covering space
expression of the propagator. To do this, we develop the
propagator on the series of propagators associated with
trajectories winding around the origin n times, namely

K(f, i;T ) =
∞∑

n=−∞
einδKn(f, i;T ), (31)

where Kn(f, i;T ) is the propagator associated with the
winding number n:

Kn(f, i;T ) =
1
α

1√
ρfρi

∫ ρf ,ϕf +2πnα

ρi,ϕi

ρDρDϕ

× exp

[

i
∫ T

0
dt
(
m

2

( .
ρ
2

+ρ2 .
ϕ

2)
+

1
8mρ2

)]

, (32)

where 0 < ρ < ∞ and −∞ < ϕ < ∞.
At this stage, it is easy to integrate over the ϕ variables

to get the result

Kn(f, i;T ) =
1
α

1√
ρfρi

∫ +∞

−∞

dp
2π

eip(ϕf −ϕi+2πnα)
∫
Dρ

× exp

[

i
∫ T

0
dt
(
m

2
.
ρ
2 −4p2 − 1

8mρ2

)]

. (33)

Then inserting this in (33) and using the Poisson identity,
we get for the propagator

Kn(f, i;T )

=
1
α

1√
ρfρi

+∞∑

l=−∞

∫ +∞

−∞
dλ

×
∫ +∞

−∞

dp
2π

eip(ϕf −ϕi)+iλ(2παp−2πl+δ)

×
∫
Dρ exp

[

i
∫ T

0
dt
(
m

2
.
ρ
2 −4p2 − 1

8mρ2

)]

. (34)

The integration over the variable λ gives δ(p − (l/α) +
δ/(2πα)) which permits us to simplify the p variable and
reduce the propagator to that of the centrifugal harmonic
oscillator with orbital momentum equal to (| l − δ/2π |)/α

K(f, i;T ) =
( m

2πiα2T

)

× exp
[

im
2α2T

(
r2f + r2i

)− i
δ

2π
(θf − θi)

]

×
+∞∑

l=−∞
eil(θf −θi)I|l−δ/2π|/α

(mrfri
α2iT

)
. (35)

In order to deduce the wave functions from this expression,
let us use the following formula [10]:

∫ ∞

0
dx exp(−ωx)Jν

(
2β

√
x
)
Jν

(
2γ

√
x
)

=
1
ω

exp
[
− 1
ω

(
β2 + γ2)

]
Iν

(
2βγ
ω

)
, (36)

to separate the variables rf , ri and T .
Then the propagator takes the following form:

K(f, i;T ) =
m

α2

+∞∑

l=−∞

1
2π

ei(l−δ/2π)(θf −θi)
∫ ∞

0
dEe−iET

× J|l−δ/2π|/α

(√
2mE
α2 rf

)

J|l−δ/2π|/α

(√
2mE
α2 ri

)

,

(37)

and this allows us to extract the normalized energy de-
pending wave functions (0 ≤ E ≤ ∞):

ψl,E(r, θ) =
√

m

2πα2 ei(l−δ/2π)θJ|l−δ/2π|/α

(√
2mE
α2 r

)

.

(38)
In the end, let us notice that the result is not periodic
and generally depends on the phase δ which is fixed by
hand. In order to write the propagator in a compact form,
let us separate it in two parts: one discrete and finite and
another continuous. To this aim let us do the summation of
the series present in the expression (35) by introducing the
following the integral representation of the Bessel function
[10]:

Iν(z) =
1
π

∫ π

0
exp(z cosφ) cos(νφ)dφ

− sin νπ
π

∫ ∞

0
exp(−z cosh t− νt)dt,

| arg z |≤ π/2, Re ν ≥ 0. (39)
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In effect, inserting this in expression (35) we get the fol-
lowing result:

K(f, i;T ) =
( m

2πiα2T

)
exp
[

im
2α2T

(
r2f + r2i

)− i
δ

2π
∆θ

]

×
[

1
π

∫ π

0
dφ exp(z cosφ)S1

+
1
π

(
lim

ε→0+

∫ ε

0
dt exp(−z cosh ε)S2

+
∫ ∞

ε

dt exp(−z cosh t)S3

)]
, (40)

with S1,S2 and S3 as the series defined by

S1 =
[ δ
2π ]∑

l=−∞
eil∆θ cos

(
l − δ/2π

α
φ

)

+
+∞∑

l=[ δ
2π ]+1

eil∆θ cos
(
l − δ/2π

α
φ

)
, (41)

S2 =
[ δ
2π ]∑

l=−∞
eil∆θ sin

(
l − δ/2π

α
π

)
exp
(
l − δ/2π

α
ε

)

−
+∞∑

l=[ δ
2π ]+1

eil∆θ sin
(
l − δ/2π

α
π

)
exp
(

− l − δ/2π
α

ε

)

(42)

and

S3 =
[ δ
2π ]∑

l=−∞
eil∆θ sin

(
l − δ/2π

α
π

)
exp
(
l − δ/2π

α
t

)

−
+∞∑

l=[ δ
2π ]+1

eil∆θ sin
(
l − δ/2π

α
π

)
exp
(

− l − δ/2π
α

t

)
,

(43)

where z = mrfri/(α2iT ), ∆θ = θf − θi and [δ/2π] is the
integer part of δ/2π. We have also decomposed the integral∫∞
0 = limε→0+

∫ ε

0 +
∫∞

ε
because in the domain [ε,∞] the

series can be summed, whereas in the domain [0, ε] the
sum of series diverges and gives a delta function behavior
as we are going to see.

Knowing that all the series are of geometric type, it is
easy to compute their sums:

S1 = πα exp
(

−i
δφ

2πα

) ∞∑

n=−∞
δ(φ+ α∆θ − 2πnα)

+ πα exp
(

i
δφ

2πα

) ∞∑

n=−∞
δ(−φ+ α∆θ − 2πnα),

(44)

S2 =
1
2i

e−iδ/(2α)+i[δ/2π](∆θ+(π/α))

×






α{δ/2π}

(
∆θ +

π

α

)2
ε+ 2iα2 sin

(
∆θ +

π

α

)

4α2 sin2
(
∆θ + (π/α)

2

)
+ ε2

−
(
1 + {δ/2π} ε

α

)





− 1

2i
eiδ/(2α)+i[δ/2π](∆θ−(π/α))

×






α{δ/2π}

(
∆θ − π

α

)2
ε+ 2iα2 sin

(
∆θ − π

α

)

4α2 sin2
(
∆θ − (π/α)

2

)
+ ε2

−
(
1 + {δ/2π} ε

α

)





 (45)

and

S3 =
e−iδ/2α+i[δ/2π](∆θ+(π/α))

2i

×







et/α sinh
(

{δ/2π} t

α

)
+ sinh

(
i
(
∆θ +

π

α

)
− {δ/2π} t

α

)

cosh
(

t

α

)
− cos

(
∆θ +

π

α

)

− e{δ/2π}(t/α)





− eiδ/2α+i[δ/2π](∆θ−(π/α))

2i

×







et/α sinh
(

{δ/2π} t

α

)
+ sinh

(
i
(
∆θ − π

α

)
− {δ/2π} t

α

)

cosh
(

t

α

)
− cos

(
∆θ − π

α

)

− e{δ/2π}(t/α)





 ,

where we have used the well-known identity

∞∑

l=−∞
exp(ilx) = 2π

∞∑

n=−∞
δ(x− 2πn), (46)

and we have only kept the essential part of the sum S2.
The number {δ/2π} denotes the decimal part of δ/2π,
namely, {δ/2π} = δ/2π − [δ/2π].

Consequently, inserting all these results in the expres-
sion of the propagator (40), one gets

K(f, i;T ) =
( m

2πiα2T

)
exp
[

im
2α2T

(
r2f + r2i

)− i
δ

2π
∆θ

]

×





α

∫ π

0
dφ exp(z cosφ)
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×
[

exp
(

−i
δφ

2π

) ∞∑

n=−∞
δ(φ+ α∆θ − 2πnα)

+ exp
(

i
δφ

2π

) ∞∑

n=−∞
δ(−φ+ α∆θ − 2πnα)

]

− ei[δ/2π]∆θ−z

π

× lim
ε→0+





e−iδ/(2α)+i[δ/2π](π/α)

α2 sin
(
∆θ +

π

α

)
ε

4α2 sin2
(

∆θ + (π/α)
2

)
+ ε2

− ei(δ/2α)−i[δ/2π](π/α)
α2 sin

(
∆θ − π

α

)
ε

4α2 sin2
(

∆θ − (π/α)
2

)
+ ε2







− ei[δ/2π]∆θ

2πi
lim

ε→0+

∫ ∞

ε

dte−z cosh t




e−i(δ/(2α))+i[δ/2π](π/α)

×







et/α sinh
(

{δ/2π} t

α

)
+ sinh

(
i
(
∆θ +

π

α

)
− {δ/2π} t

α

)

cosh
(

t

α

)
− cos

(
∆θ +

π

α

)

− e{δ/2π}(t/α)




− ei(δ/(2α))−i[δ/2π](π/α)

×







et/α sinh
(

{δ/2π} t

α

)
+ sinh

(
i
(
∆θ − π

α

)
− {δ/2π} t

α

)

cosh
(

t

α

)
− cos

(
∆θ − π

α

)

− e{δ/2π}(t/α)















. (47)

With the help of the well-known formulae

1
π

ε

x2 + ε2
→ δ(x) and δ(sin(x)) =

∞∑

n=−∞
δ(x− nπ),

(48)
it is easy to show that the contribution of the calculations
for 0 < t < ε gives a vanishing term because of the delta
property xδ(x) = 0.

Accordingly, after integrating over φ and using the
delta property f(x)δ(x) = f(0)δ(x), the final form of the
propagator will be

K(f, i;T ) =
( m

2πiαT

)
exp
(

im
2α2T

(
r2f + r2i

)
)

×






∑

n

exp
[
−iδn− imrfri

α2T
cos (2nπα− α∆θ)

]

− e−i{δ/2π}∆θ

2αiπ

×
∫ +∞

0+
dt exp

(
imrfri
α2T

cosh t
)



e−i(δ/(2α))+i[δ/2π](π/α)

×







et/α sinh
(

{δ/2π} t

α

)
+ sinh

(
i
(
∆θ +

π

α

)
− {δ/2π} t

α

)

cosh
(

t

α

)
− cos

(
∆θ +

π

α

)

− e{δ/2π}(t/α)




− ei(δ/(2α))−i[δ/2π](π/α)

×







et/α sinh
(

{δ/2π} t

α

)
+ sinh

(
i
(
∆θ − π

α

)
− {δ/2π} t

α

)

cosh
(

t

α

)
− cos

(
∆θ − π

α

)

− e{δ/2π}(t/α)









 , (49)

where the sum over n is limited to the values −1/(2α) +
(∆θ)/(2π) ≤ n ≤ 1/(2α) + (∆θ)/(2π) and the symbol∫ +∞
0+ is limε→0

∫∞
ε

, which represents the principal value
of the integral.

Let us also remark that the result of the propagator
which is made up of two parts,

(1) a finite discrete sum of propagators,
(2) a superposition of continuous sum of propagators, de-
pends on the arbitrary phase δ, while the bounds are in-
dependent.

In the end, it is interesting to consider the periodic
case, δ = 2πk (k integer); the expression of the propagator
(50) is then simplified to

K(f, i;T ) =
( m

2πiαT

)
exp
(

im
2α2T

(
r2f + r2i

)
)

×






∑

n

exp
[
− imrfri

α2T
cos (2nπα− α∆θ)

]

− 1
2απ

∫ +∞

0+
dt exp

[
imrfri
α2T

cosh t
]

×













sin
(
∆θ +

π

α

)

cosh
(
t

α

)
− cos

(
∆θ +

π

α

)







−







sin
(
∆θ − π

α

)

cosh
(
t

α

)
− cos

(
∆θ − π

α

)

















, (50)

where −1/(2α) +∆θ/(2π) ≤ n ≤ 1/(2α) +∆θ/(2π).
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2.1 Case of constant magnetic field

For this case the direction of the magnetic field is chosen
along the oz axis and the gauge is fixed by

A ≡ H

2
(−y, x, 0) and V (x) = 0. (51)

The additional term of the magnetic field in the formula
(14) is converted into polar coordinates:

−eH

2
(yj∆xj − xj∆yj) =

mω

α
rjrj−1 sin∆θj

� mω

α
rj

2∆θj , (52)

with ω = |e|Hα/(2m).
It is easy to check that the expression of the propagator

becomes

K(f, i;T ) =
1√
rfri

∫
rDr(t)Dθ(t)

× exp

{

i

[∫ T

0
dt
(m

2

(
.
r
2 +r2

.

θ
2)

+
mω

α
r2

.

θ +
α2

8mr2

)]}

. (53)

At this stage let us express the propagator in the covering
space to take into account the periodicity of the angle.
To do this, we develop here again the propagator in the
form of a series of propagators associated with trajectories
winding around the origin n times:

K(f, i;T ) =
∞∑

n=−∞
einδKn(f, i;T ), (54)

where

Kn(f, i;T ) =
1
α

1√
ρfρi

∫ ρf ,ϕf +2πnα

ρi,ϕi

ρDρ(t)

×
∫

Dϕ(t) exp

{

i

[∫ T

0
dt
(m

2

( .
ρ
2

+ρ2 .
ϕ

2)

+ mωρ2 .
ϕ +

1
8mρ2

)]}

. (55)

Here, we can also proceed as in the free case by integrating
over ϕ. Consequently, the propagator will be given by

K(f, i;T ) =
1
α

1√
ρfρi

×
+∞∑

n=−∞
einδ

∫ +∞

−∞

dp
2π

eip(ϕf −ϕi+δ+2παn)

×
∫
Dρ exp i

{∫ T

0
dt
[
m

2
.
ρ
2 − p2

2mρ2

− mω2

2
ρ2 + pω +

1
8mρ2

]}

. (56)

Let us integrate over the variable p by using the Poisson
identity, to get the following result:

K(f, i;T ) =
1
α

1√
ρfρi

×
+∞∑

l=−∞

∫ +∞

−∞
dλ
∫ +∞

−∞

dp
2π

eip(ϕf −ϕi)+iλ(2παp−2πl+δ)

×
∫
Dρ exp i

{∫
dt
[
m

2
.
ρ
2 − p2

2mρ2 + pω

− mω2

2
ρ2 +

1
8mρ2

]}
. (57)

Consequently, the integration on the λ variable becomes
easy and will yield the following result for the propagator:

K(f, i;T ) =
1
α2

1√
ρfρi

×
+∞∑

l=−∞

∫ +∞

−∞

dp
2π

eip(ϕf −ϕi)δ

(
p− l

α
+

δ

2πα

)

×
∫
Dρ exp i

{∫
dt
[
m

2
.
ρ
2 − p2

2mρ2 + pω

− mω2

2
ρ2 +

1
8mρ2

]}
. (58)

Now, we are ready to carry out the integrations over the
variable p. This gives the following expression for the prop-
agator:

K(f, i;T ) =
1
α2

1√
ρfρi

×
+∞∑

l=−∞

1
2π

ei(l−δ/2π)∆θ+iT (l−δ/2π)(ω/α)

×
∫
Dρ exp i

{∫ T

0
dt
[
m

2
ρ2 − 1

2mρ2

(
l2

α2 − 1
4

)

− mω2

2
ρ2
]}

. (59)

One finds here also the expression of the relative propa-
gator of the inverse quadratic oscillator whose result is

K(f, i;T ) =
1
α2

mω

i sinωT

×
+∞∑

l=−∞

1
2π

exp
(
i (l − δ/2π)∆θ + iT (l − δ/2π)

ω

α

)

× exp
[
imω
2α2

(
r2f + r2i

)
cotωT

]

× I|l−δ/2π|/α

(
− imω
α2 sinωT

rfri

)
. (60)



306 M. Merad et al.: Particle on a conical surface

To extract the wave functions from the previous result
and the corresponding spectrum energy, let us use the
following formula [10] to separate rf , ri and T :

(xyz)−ν/2

1 − z
exp
[
−z x+ y

1 − z

]
Iν

[
2 (xyz)1/2

1 − z

]

=
+∞∑

n=0

n!
Γ (n+ ν + 1)

Lν
n(x)Lν

n(y)zn, (61)

which is valid for | z |< 1.
After choosing the appropriate parameters of the pre-

vious formula, the propagator takes the following form:

K(f, i;T ) =
+∞∑

n=0

+∞∑

l=−∞
e−iω(1+2n+|l−δ/2π|/α−((l−δ/2π))/α)T

× Ψl,n (f)Ψl,n (i) , (62)

which enables us to deduce the wave functions and the
corresponding energy spectrum:

En,l = ω

(
1 + 2n+

| l − δ/2π |
α

− (l − δ/2π)
α

)
, (63)

and

Ψl,n (r, θ) =

√√
√
√
√

mωn!

πα2Γ

(
n+ 1 +

| l − δ/2π |
α

)

× eilθ−i(δ/(2π))θ
(
mωr2

α

)|l−δ/2π|/(2α)

(64)

× exp
(

−mωr2

2α

)
L|l−δ/2π|/(α)

n

(
mωr2

α

)
.

In the same manner as in the free case, it is readily seen
that the propagator for this case is also made up of two
elementary propagators, one discrete and the other con-
tinuous. In order to do this let us compute the compact
expression of the propagator following the same procedure
as in the free case where we change ∆θ → ∆θ + (ωT/α).
The result becomes (see (65) on top of the next page)
where −1/(2α) + ∆θ/(2π) + ωT/(2πα) ≤ n ≤ 1/(2α) +
∆θ/(2π) + ωT/(2πα).

2.2 Case of harmonic oscillator

In the case of the harmonic oscillator the potential is given
by

V (x) =
mω2

2
(x2 + y2 + z2) and A(x) = 0. (66)

The corresponding propagator is given according to the
formula (14) where one replaces the potential V (x) by

mω2

2
(
x2 + y2 + (α−2 − 1)(x2 + y2)

)
=
mω2

2
ρ2. (67)

The expression of the propagator is, in this case, the same
as that used in the free case except that there is now an ad-
ditional term representing the central harmonic potential.
Then the relative expression of the propagator becomes

K(f ; i;T ) =
+∞∑

l=−∞

1
2πα2 ei(l−δ/2π)∆θ 1√

ρfρi

×
∫
Dρ exp

{

i
∫ T

0

[
m

2
ρ2 − 1

2mρ2

(
(l − δ/2π)2

α2 − 1
4

)

− mω2

2
ρ2
]}

. (68)

The radial part can easily be integrated and deduced di-
rectly from the expression of the relative propagator of the
inverse quadratic oscillator. In this case, the propagator is
written as follows:

K(f, i;T ) =
mω

iα2 sinωT

×
+∞∑

l=−∞

ei(l−δ/2π)∆θ

2π
exp
[
imω
2α2

(
r2f + r2i

)
cotωT

]

× I|l−δ/2π|/α

(
− imωrfri
α2 sinωT

)
; (69)

by applying the same formula (62), the expression of the
propagator will be simplified to

K(f ; i;T ) =
+∞∑

n=0

+∞∑

l=−∞
e−iω(1+2n+|l−δ/2π|/α)T

× Ψl,n (rf , θf )Ψl,n (ri, θi) , (70)

which also enables us to extract the energy spectrum:

En,l = ω

(
1 + 2n+

| l − δ/2π |
α

)
, (71)

as well as the wave functions

Ψl,n (r, θ) =

√√
√
√
√

mωn!

πα2Γ

(
n+ 1 +

| l − δ/2π |
α

)ei(l−δ/2π)θ

×
(
mωr2

α2

)|l−δ/2π|/(2α)

e−(mωr2)/(2α2)

× L|l−δ/2π|/α
n

(
mωr2

α2

)
. (72)

Following the same method as in the free case we can
easily deduce the compact form of the propagator for this
case as follows:

K(f, i;T ) =
mω

2πiα sinωT
exp
(

imω
2α2

(
r2f + r2i

)
cotωT

)

×






∑

n

e−iδn exp
[
− imωrfri
α2 sinωT

cos (2nπα− α∆θ)
]
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K(f, i; T ) =
mω

2πiα sin ωT
exp

(
imω

2α2

(
r2

f + r2
i

)
cot ωT

)





∑

n

e−iδn exp
[
− imωrfri

α2 sin ωT
cos (2nπα − α∆θ − ωT )

]

− e−i{δ/2π}(∆θ+ωT )

2απi

∫ +∞

0+
dte(imωrf ri)/(α2 sin ωT ) cosh t

×





e−iδ/(2α)+i[δ/2π](π/α)







et/α sinh
(

{δ/2π} t

α

)
+ sinh

(
i
(

∆θ +
ωT

α
+

π

α

)
− {δ/2π} t

α

)

cosh
(

t

α

)
− cos

(
∆θ +

ωT

α
+

π

α

) − e{δ/2π}(t/α)







− eiδ/(2α)−i[δ/2π](π/α)







et/α sinh
(

{δ/2π} t

α

)
+ sinh

(
i
(

∆θ +
ωT

α
− π

α

)
− {δ/2π} t

α

)

cosh
(

t

α

)
− cos

(
∆θ +

ωT

α
− π

α

) − e{δ/2π}(t/α)

















, (65)

− e−i{δ/2π}∆θ

2πiα

∫ +∞

0+
dt exp

(
imωrfri
α2 sinωT

cosh y
)

×




e−iδ/(2α)+i[δ/2π](π/α)

×







et/α sinh
(

{δ/2π} t

α

)
+ sinh

(
i
(
∆θ +

π

α

)
− {δ/2π} t

α

)

cosh
(

t

α

)
− cos

(
∆θ +

π

α

)

− exp
(

{δ/2π} t
α

)



 − eiδ/(2α)−i[δ/2π](π/α)

×







et/α sinh
(

{δ/2π} t

α

)
+ sinh

(
i
(
∆θ − π

α

)
− {δ/2π} t

α

)

cosh
(

t

α

)
− cos

(
∆θ − π

α

)

− exp
(

{δ/2π} t
α

)














, (73)

where −1/(2α) +∆θ/(2π) ≤ n ≤ 1/(2α) +∆θ/(2π).

2.3 Case of Coulomb potential

In this case

V (x) = − e2
√

(x2 + y2 + z2)
and A(x) = 0, (74)

and the propagator is given according to (14), where one
replaces the potential V (x) by

−e2
√
x2 + y2 + (α−2 − 1)(x2 + y2)

=
e2

ρ
. (75)

Let us eliminate the angle ϕ by doing the relative integra-
tion. Thus, the propagator is decomposed into the partial
series

K(ρf , ϕf , ρi, ϕi;T ) (76)

=
+∞∑

l=−∞

1
2πα2 ei((l/α)−(δ/(2πα)))(ϕf −ϕi)Kl(ρf , ρi;T ),

where Kl(ρf , ρi;T ) is given by

Kl(ρf , ρi;T ) =
1√
ρfρi

∫
Dρ exp i

{∫ T

0
dt

×
[
m

2
.
ρ
2 − 1

2mρ2

(
(l − δ/2π)2

α2 − 1
4

)

+
e2

ρ

]}

, (77)

which is the radial propagator related to the hydrogen
atom. Using a Duru–Kleinert space-time transformation
[8], this propagator is reduced to the radial oscillator
which is calculable. For this case, the result of the Green
function is as follows (for ρf > ρi):

G(f ; i;E) =
∫ ∞

0
dT exp(−iET )K(f, i;T )

=
−im
k

1√
ρfρi

+∞∑

l=−∞

ei((l/α)−(δ/(2πα)))(ϕf −ϕi)

2πα2

×
Γ

(
−ν +

| l − δ/2π |
α

+
1
2

)

Γ

(
2 | l − δ/2π |

α
+ 1
)

× Mν,|l−δ/2π|/α (2kρi)Wν,|l−δ/2π|/α (2kρf ) , (78)

where

k =
√−2mE and ν = e2

√
m

−2E
. (79)

From the poles of the gamma function

Γ (−ν + (| l − δ/2π |)/(α) + (1/2))

we have

−ν +
| l − δ/2π |

α
+

1
2

= −n; (80)
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the energy spectrum is deduced to be

En,l =
−e4m

2
(
n+

| l − δ/2π |
α

+
1
2

)2 . (81)

In the vicinity of the poles the function gamma behaves
as follows:

Γ

(
−ν +

| l − δ/2π |
α

+
1
2

)
(82)

≈ −(−1)n

n!
k2

m

(
n+

| l − δ/2π |
α

+
1
2

)
1

E − En
.

The discrete part of the Green function is thus

G(f ; i;E) =
1√
ρfρi

+∞∑

l=−∞

+∞∑

n=0

ei((l/α)−(δ/(2πα)))(ϕf −ϕi)

2πα2

× ik
(
n+

| l − δ/2π |
α

+
1
2

)
1

Γ

(
2 | l − δ/2π |

α
+ 1
)

× (−1)n

n!
1

E − En
Mν,|l−δ/2π|/α (2kρi)Wν,|l−δ/2π|/α (2kρf )

(83)

=
+∞∑

l=−∞

+∞∑

n=0

1
2πα2

ei((l/α)−(δ/(2πα)))(ϕf −ϕi)

E − En

× 2ik2n!e−kρf e−kρi

(
n+

| l − δ/2π |
α

+
1
2

)
Γ

(
2 | l − δ/2π |

α
+ 1 + n

)

× (2kρf )|l−δ/2π|/α (2kρi)
|l−δ/2π|/α

× L2|l−δ/2π|/α
n (2kρf )L2|l−δ/2π|/α

n (2kρi). (84)

Returning to the old variables, the final expression of the
Green function will then be written

G(f, i;E) =
+∞∑

l=−∞

+∞∑

n=0

1
2πα2 ei(l−δ/2π)∆θ 1

E − En

2ik3n!
me2

× e−krf /αe−kri/α

Γ

(
2 | l − δ/2π |

α
+ 1 + n

)

×
(

2krf
α

)|l−δ/2π|/α(2kri
α

)|l−δ/2π|/α

L2|l−δ/2π|/α
n

(
2krf
α

)
L2|l−δ/2π|/α

n

(
2kri
α

)
. (85)

The bound wave functions are thus

Ψn,l(r, θ) =

√√
√
√
√

2k3n!

α2me2Γ

(
2 | l − δ/2π |

α
+ 1 + n

)

× 1√
2π

ei(l−δ/2π)θe−kr/α

(
2kr
α

)|l−δ/2π|/α

× L2|l−δ/2π|/α
n

(
2kr
α

)
. (86)

As the kernel (78) is calculable and is expressed with the
Bessel functions, the Green function takes the following
integral form

G(rf , ri;E) =
+∞∑

l=−∞
ei(l−δ/2π)∆θ

∫ ∞

0
dS

mω exp
(
4ie2S

)

α2πi sinωS

× exp
[
imω
2α

(rf + ri) cotωS
]

× I2|l−δ/2π|/α

( mω

iα sinωS
√
rfri

)
. (87)

Finally, following step by step the free case, we readily
write for this Green function the following compact form:

G(rf , ri, ;E) =
mω

2παi

∫ ∞

0
dS

exp
(
4ie2S

)

sinωS

× exp
(

imω
2α

(rf + ri) cotωS
)

×






∑

n

e−iδn exp
[
− imω√

rfri

α sinωS
cos
(
nπα− 1

2
α∆θ

)]

− e−i{δ/2π}∆θ

πiα

∫ +∞

0+
dte(imω

√
rf ri)/(α sin ωS) cosh t

×




e−i(δ/α)+i[δ/2π](2π/α)







e2t/α sinh
(

{δ/2π}2t

α

)
+ sinh

(
i
(

∆θ +
2π

α

)
− {δ/2π}2t

α

)

cosh
(

t

α

)
− cos

(
∆θ +

π

α

)

− e{δ/2π}(2t/α)




− ei(δ/(2α))−i[δ/2π](2π/α)







e2t/α sinh
(

{δ/2π}2t

α

)
+ sinh

(
i
(

∆θ − 2π

α

)
− {δ/2π}2t

α

)

cosh
(

2t

α

)
− cos

(
∆θ − 2π

α

)

− e{δ/2π}(2t/α)















, (88)

where −1/α+∆θ/(2π) ≤ n ≤ 1/α+∆θ/(2π).

3 Conclusion

The dynamics of the particle constrained to move on the
cone surface and subjected to an external potential (A(x),
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V (x)) has been studied via the path integral according to
the technique of the constraints of Faddeev–Senjanovic.
The propagator, which was expressed in the covering
space, was thus evaluated in each following cases: free
particle, magnetic field, central harmonic potential and
Coulomb potential. The wave functions and the corre-
sponding energy spectrum, in agreement with the refer-
ences, were correctly deduced. Thus, we showed that the
propagator or Green function has a compact form thanks
to the integral representation of the Bessel functions.

Finally, the problem of the fall of the particle on the
center which is interpreted by the presence of the level
energy (−∞), as well as certain physical characteristics
such as the scattering amplitude starting from the Green
function, are under consideration.
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